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In the framework of the solvable model of cosmology constructed in the Earth-related
coordinate system, we derive the modified Hubble law. This law carries the slowly time-
varying Hubble parameter. The modified Hubble law eliminates the need for dark
energy.
Recently, based on Einstein’s theory of gravitation and two assumptions of the cosmological
principle and the perfect fluid for the matter of the Universe, in the so-called Z-approximation that the
most probable velocity magnitude of the perfect fluid vanishes, we constructed a model of cosmology in
the Earth-related coordinate system [1,2]. Here the cosmological principle states that the Universe is
spatially homogeneous and isotropic on large scale with respect to the Earth-related coordinate system.
This principle has its foundation in the cosmological measurements. With respect to the Earth-related
coordinate system, the Hubble law of cosmological red shifts is direction-independent and the spectrum of
cosmic microwave background is almost isotropic with a deviation at the level of one part in 105 (The data
made by satellites of the Earth, like COBE, during a relatively long period can be considered relative to
the Earth-related coordinate system). The model is solvable. Its solution consists of three parts: the value
for the cosmological constant, Λ = 0 , the equation of state for the perfect fluid, ρ + =p 0 , and the line
element for space-time of the Universe [1,2],
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where { x r0 , , ,θ φ }, x ct0 = , denotes the Earth-related coordinate system in which the Earth is always
at rest,  c  is the speed of light in vacuum, G is the Newtonian gravitational constant, ρ  and p  are
respectively the mass-density and pressure of the perfect fluid, and t  is relative to the SC-moment at
which the space-time line element of the Universe is the Minkowskian.
   The space-time line element of the Universe evolves with time. This evolution causes the red-
shift phenomena of light signals coming from distant galaxies. Suppose a light signal of frequency ν 1  is
emitted at time t1  on a galaxy located at distance r  from the Earth. This signal is later detected by us on
the Earth at time t  to have frequency ν . It is then compared to another light signal of the same type,
emitted at time t  on the Earth, whose frequency is ν 0 . Experimental measurements indicate a red shift
of the light signal emitted on the galaxy,
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0 0 .  
The emissions of two light signals, at t1  on the galaxy and at t  on the Earth, are both of physical process
under control of some stronger interaction other than gravity, occurring in a localized region of space.
2They are beyond the physics of the gravitational field of the Universe. It is natural to recognize ν ν0 1= .
The red-shift is thus
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   The equation of motion for light propagation can be obtained by setting ds2 0=  in Eq.(1). For
purely radial propagation, it is
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If the galaxy is motionless and the first wavecrest of the light signal is emitted at time t1  on this galaxy
and detected at time t  on the Earth, and if the next wavecrest is emitted at time t t1 1+ δ  on this galaxy
and detected at time t t+ δ  on the Earth, then in accordance with Eq.(3), we have
− = − = −∫ ∫∫
+
+
dr G t cdt G t cdt
r t t
t t
t
t0
8 3 8 3
1 11
exp( / ) exp( / )πρ πρ
δ
δ
, (4)
because distance r is fixed. We rewrite the second equality in Eq.(4) as
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and integrate it for
exp( / ) exp( / )− = −8 3 8 31 1πρ δ πρ δG t t G t t
when both δt1  and δt  are small enough. The last equation implies
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On the other hand, from the first equality in Eq.(4) we have
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Using Eqs.(5) and (6) in Eq.(2) gives rise to
cz H t r= ( ) , (7a)
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3as the formula of cosmological red shifts. At any fixed detection time, it is a linear relation that exists
between the cosmological red shifts of light signals coming from distant galaxies and the distances of
these galaxies from the Earth. The proportional coefficient of the linear relation, H t( ) , varies time. It is
always positive and increases slowly as time runs from the past to the future, though exponentially,
because (8 / ) /πρG 3 1 2  is small. The increasing rate is dH t dt G G t( ) / (8 / ) exp( / )= πρ πρ3 8 3 .
Comparing the formula to the Hubble law [3]: cz Hr= , where  H  is the Hubble constant, we call the
formula the modified Hubble law and H t( )  the time-varying Hubble parameter. The nowadays value of
H t( )  equals the Hubble constant.
There is a problem, called the “missing mass” or dark energy problem, in the standard model of
cosmology [4-12]. The measured mass-density of the gravity-interacting matter (normal and dark) of the
Universe is too small to fit in with two other measurement results simultaneously: The Universe is
spatially flat [13,14] and the Hubble constant H  falls between 70 and 72 km/sec/Mpc [15,16]. In the
framework of the standard model, the two measurement results require H G= 8 3πρ /  or
ρ π= 3 82H G/ , where H = 70 72~ km/sec/Mpc. But the measured mass-density is
ρ π≈ 0 3 3 82. ( / )H G . (8)
A kind of energy, named the dark energy, is needed for making up around 70 percent of all energy. This
dark energy is mysterious. So far no evidence has indicated its existence, even indirectly.
The problem of dark energy does not exist in our model of cosmology. In view of Eq.(7b), the
nowadays value of the time-varying Hubble parameter is
H t H G G t( *) / exp( / *)= = 8 3 8 3πρ πρ , (9)
not 8 3πρG / , where t *  is the nowadays cosmological year relative to the SC-moment. Putting Eq.(8)
and the value of H  into Eq.(9), we can find
t H n* / /= ≈−1 10 3 10 3  +15.1 billion years. (10)
The plus sign here means “after the SC-moment”. 15.1 billion years is a long period making the factor
exp[ / *]8 3πρG t  quite significant. The “missing mass” problem in the standard model of cosmology
is really due to missing the factor exp[ / *]8 3πρG t  in Eq.(9). Around 15.1 billion years ago, at the
SC-moment, the time-varying Hubble parameter was H G( ) /0 8 3= =πρ 3 10/ ( *)H t , a little
more than half of its nowadays value.
In summary, the modified Hubble law can be derived in the framework of the solvable model of
cosmology constructed in the Earth-related coordinate system. This law carries the slowly time-varying
Hubble parameter. The modified Hubble law eliminates the need for dark energy.
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